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We have improved the procedure for calculating distribution functions and the thermal equation of state for real gas-
es by introducing modified functions of probability distributions into the gas phase state sum. Calculation of real gas 
pressure and the grand canonical partition function using the improved procedure demonstrate that numerical difficul-
ties arising from a large number of state variables can be circumvented. We have also calculated real gas isotherms and 
probability of vaporization in phase equilibrium. 
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It has been long established that description of phase state and thermodynamics of critical phenomena are some of 
the fundamental problems in natural sciences.  
The equation of state is one the most important properties of macroscopic isotropic matter. It is known that in the 
thermodynamic equilibrium volume V , pressure p and temperature T  behave as 0),,( =TVpf  not only for ideal 
but also for real gases as well as for any other homogeneous and isotropic matter. It is not possible to derive the equa-
tion of state from general thermodynamic principles. In thermodynamics the equation of state is usually obtained from 
experimental data or taken from statistical mechanics. Past attempts to obtain the equation of state empirically have in 
essence been unsuccessful [1].  
J.W. Gibbs laid the mathematical foundations for the phase transition theory introducing statistical principles into 
thermodynamics [1]. Fundamental laws of statistical physics are formulated in terms of Gibbs ensembles. In this com-
munication we consider the phase transition “condensed phase-vapour”. For this case the grand canonical ensemble is 
defined as the probability distribution of various states of quasi-isolated macroscopic system (real gas) that exchanges 
both energy and particles with the condensed phase (liquid). The calculation of a number of thermodynamic functions 
of real gas is based on the grand canonical partition function ( )( ) ( ),,exp ngkTnZ j
n j
j εεμ ⋅−= ∑∑    (1) 
where jε  is the energy of j - th energy level; ( )ng j ,ε  is the level’s degeneracy or the statistical weight; μ is the chemical potential and n  is the number of parti-
cles in the gas phase.  
When the energy spectrum of the molecule is known then the partition function can be used to calculate various 
thermodynamic functions of real gas. Pressure for example is expressed as ( ) .ln TVZTkp ∂∂⋅=      (2) 
Although Gibbs outlined general mathematical principles for description of phase transitions in a macroscopic sys-
tem, he only applied it to the simplest model of matter, that of ideal gas.  His model of ideal gas presented particles void 
of any internal structure and where energy of atoms arises from their translation degrees of freedom. Using the defini-
tion of the partition function 
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(where 1q  is the probability coefficient;  m  is the mass of the particle and N is the number of particles) and equation 
(2) the pressure of ideal gas is: 
.VTkNp =  
 2
The theory has not been similarly applied to the case of real gas. Phase transitions in real gas occur with absorption 
of energy during evaporation of liquids and release of energy when vapour is condensed back into liquid. The process is 
characterised by parameter −0ε heat of vaporization. 
It has been shown [2-4] that Gibbs statistical mechanics can be used to obtain the correct grand canonical partition 
function for real gases. The expression for probability of having n molecules (out of the total number of molecules N ) 
in the gas phase with energy jε  ( )( ) ( ) ZnÔkTnw jjnj ,exp, εεμε ⋅−=    (3) 
has been modified to introduce the four fundamental parameters that describe the properties of the matter, namely criti-
cal pressure ,cp  specific volume  cυ , temperature ,cT  and heat of vaporization .0ε  When we introduce specific 
thermodynamic parameters ,/,/,/ ccc TTpp === τυυαπ  and also express  0ε  using parameter 
,)(0 ckTr ε=  and take the sum in (1) over the energy levels of molecule jε  we obtain: 
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where i  is the number of active degrees of freedom of the molecule.  
When we factor out the term that depends on the specific temperatureτ , but not on the number of particles n : 
А(τ )= ( )( )12/ 1exp −−⋅ ττ ri ,     (5) 
then the partition function becomes 
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The authors of [5] have used expressions (2) and (6) to obtain the specific thermal equation of state of real gas: 
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where ( )MvpTRK ccc= is the critical coefficient [6]. Here M is the molar mass of the matter and R is the gas 
constant. 
The probability of having n  molecules out of the total N  in the gas phase as expressed in (3) is 
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The above entity satisfies the property of mathematical probability .1)(0 ≤≤ nw  It can be seen that .0 Nn ≤≤  
Fig.1 shows isotherms of real gas at and around the critical point on the logarithmic scale. The graph demonstrates 
that equation (7) is in full agreement with the experimental data and correctly describes the dependence of pressure on 
volume in the isothermic process both in the single phase (ideal gas), and in the two-phase (horizontal part of the iso-
therm) regimes, where a phase transition between condensed and gas phases of the matter occurs. Before the critical 
point ( 1)(, << τττ Ac ) 1<π , and after 
( 1)(, >> τττ Ac ) .1>π  
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Fig.1. Isotherms of real gas 
 
When matter is in a two-phase regime, then one of the terms comprising the grand partition function (6), has a char-
acteristic maximum (Fig.2), i.e. one of the probability coefficients at a certain given value of mnn =  reaches maxi-
mum value: 
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The corresponding term along with a small number of neighbouring polynomials makes a considerable contribution to 
the partition function (6). The function nnqnf =)(  declines monotonically on either side of the maximum. 
In order to find the extremum of this function we need to define its logarithmic derivative. When we 
equate ( ) dnnfd )(ln  to zero, we arrive at the transcendental equation: 
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The root of this equation is a certain ,mnND α=  the magnitude of which depends on the temperature factor (5). If 
we fix the number of particles N  in the macrosystem, then parameter  mn  and specific volume α  are proportional to 
each other such as: 
.// DNnm =α       (11) 
There is a minimum number of particles in the gas phase  
DNn /min =     (12) 
that corresponds to value 1=α , i.e. the critical volume. 
When ,Nnm =  then from (11) we can determine the maximum value of specific volume at which the system en-
ters the single-phase regime. 
.// DNN ãð =α    (13) 
The table below show computed values for roots of equation (10) for certain given values of temperature factor 
)(τA  that are typical for thermodynamic parameters before, at and after the critical point.  
 
Table 
       Nnm и ãðα  as a function of )(τA  
  
)(τA  ( ) 1/ =αNmn  ãðα  
 4
10-6 3,679  10-7 2,718  106 
10-5 3,679  10-6 2,718  105 
10-4 3,679  10-5 2,718  104 
10-3 3,676  10-4 2,720  103 
10-2 3,652  10-3 2,738  102 
10-1 3,429  10-2 2,917  101 
1 2,178  10-1 4,591 
101 5,364  10-1 1,864 
102 7,250  10-1 1,379 
103 8,155  10-1 1,226 
104 8,641  10-1 1,157 
105 8,935  10-1 1,119 
106 9,128  10-1 1,096 
 
The probability distribution function (8) exhibits interesting behaviour at the point of phase transition. Fig. 2 dis-
plays on the logarithmic scale dependence of )(nw  on the number of particles n  at different values of specific volume 
α from 1=α  to ãðα , as computed from (8). The total number of particles in both phases was taken as equal 
to 310=N . We have used the same values for specific temperature as when computing real gas isotherms for Fig.1.  
Parameter r  that is connected to the heat of vaporization for a given substance practically does not depend on tempera-
ture and is taken as constant. Most often its values for different substances span the range 5,73 << r  . For our calcu-
lations we have taken .5=r  
It can be observed from Fig.2 that at the point of phase transition as the specific volume α  grows the height of  
bell-shaped maxima of )(nw  decreases as  .~)( 2/1−αnw  At the same time the half-width of the peaks grows as  
.~ 2/12/1 αnΔ  These parameters depend on the number of N  at a given value of specific volume – 2/1)( −≈ Nnw m  
and .2/12/1 Nn ≈Δ At the intersection of two- and single phase regions of the isotherms, i.e. the region that corre-
sponds to the roots of equation (10), the function  )(nw  looks like the left-hand side of the Gaussian distribution. At 
that point the maximum of probability is at ,Nn =  the height of 
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Fig. 2. Probability of vaporization as a function of the number of particles for different values of specific volume and 
temperature.  
 
the maximum begins to grow and the width of the distribution function diminishes. The area under the curve remains 
constant and equal to one as it should according to the rule of normalized probability ∫ =
N
dnnw
0
.1)(  Although the val-
ue of N  is high under normal conditions, the upper limit of the integral should always be finite and correspond to the 
mass of the matter that consists of the two coexisting phases.  
The computation of probability coefficients (9), partition function (6), mathematical probability (8), and hence spe-
cific equation of state (7) requires use of multiplicative terms that in turn create the need to handle computational prob-
lems arising from the use of large numbers. 
The numerical problems can be solved if in the above expressions the coefficients  nnq  are scaled by the largest of 
them 
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making the modified probability coefficients .1~0 ≤≤ nnq  Similarly we can introduce  modified partition function as 
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0
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It can be shown that already at 410≥N   the modified probability coefficient (14) is in fact the exponent of the 
Gaussian distribution  
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where  −mn is the mean of the probability distribution;  σ is the distance from the mean to the inflection point of 
function (15);  2σ is the variance. 
In our case these values are 
;1335,0222 ασ Nnn =〉〈−〉〈=  
  .)(365,0 2/1ασ N=    (16) 
When we introduce variable ( ) ,σmnnx −=  the expression (15) can be reduced to the probability density ( ) ( )2exp21)( 2xx −= πϕ   of the normalized and centred probability distribution. Values of )(xϕ  are tabulated 
in for example . 
The modified partition function can now be computed by integration 
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For the last integral we can carry out a variable substitution analogous to the one that was done in expression (15). 
In that case the modified partition function can be expressed as the sum of two terms, each of which is an error integral  [ ],)()(2~ 2010 óÔóÔZ += σπ  (17) 
where ( )×== ∫óî dttóÔ
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The values of function )(0 óÔ are also tabulated in . 
Now the probability of vaporization (8) at Nnm <   becomes 
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For the critical isotherm the maximal probability coefficient coincides with the last term of the polynomial 
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The largest contribution to the partition function comes from the last terms of the polynomial.  
In the middle of the two-phase region  1)()( 2010 ≅+ óÔóÔ  and the modified partition function (17) is    
σπ2~ =Z . 
The mean of the Gaussian distribution for the case of 2410=N  particles can be expressed using (17) in the fol-
lowing form: 
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Using the above considerations we can write down the thermal equation of state of real gas (7) as follows 
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We can now conclude that use of modified probability coefficients and partition functions to calculate the pressure 
of real gas can circumvent numerical problems that arise in calculations of thermodynamic properties due to large num-
 7
bers. Hence the problem of deriving thermal equation of state for real gases can now be considered as solved in princi-
ple. 
It is instructive to analyse the obtained result in the general framework of equations of state in thermodynamics.  
The above examples illustrate that the thermodynamic methods can be successfully employed to tackle fundamental 
problems in natural sciences in general as well as in the applied fields such as geology and mining.  
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